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Abstract 

In this paper, we give constructions of strongly regular Cayley graphs and skew Hadamard 
difference sets. Both constructions are based on choosing cyclotomic classes in finite fields, 
and our results generalize ten of the eleven sporadic examples of cyclotomic strongly regular 
graphs given by Schmidt and White [53] and several of subfield examples into infinite families. 
These infinite families of strongly regular graphs have new parameters. The main tools that 
we employed are relative Gauss sums instead of explicit evaluations of Gauss sums. 

Keywords: strongly regular graph; skew Hadamard difference set; relative Gauss sum 

1 Introduction 

In this paper, we will assume that the reader is familiar with the theory of strongly regular graphs 
and difference sets. For the theory of strongly regular graphs (srgs), our main reference is the 
lecture note of Brouwer and Haemers [5]. For difference sets, we refer the reader to Chapter 6 
of [3]. We remark that strongly regular graphs arc closely related to other combinatorial objects, 
such as two-weight codes, two-intersection sets in finite geometry, and partial difference sets. For 
these connections, we refer the reader to [5J p. 132], [71 [^. 

Let r be a simple and undirected graph and A be its adjacency matrix. A useful way to check 
whether a graph is strongly regular is by using the eigenvalues of its adjacency matrix. For 
convenience we call an eigenvalue restricted if it has an eigenvector perpendicular to the all-ones 
vector 1 . (For a fc- regular connected graph, the restricted eigenvalues are the eigenvalues different 
from k.) 

Theorem 1.1. For a simple graph T of order v, not complete or edgeless, with adjacency matrix 
A, the following are equivalent: 

1. r is strongly regular with parameters (v, k, A, fi) for certain integers k, A, fi, 

2. = (A — fi)A + (fc — fi)I + fiJ for certain real numbers k, A, /i, where I, J are the identity 
matrix and the all- ones matrix, respectively, 

3. A has precisely two distinct restricted eigenvalues. 

One of the most effective methods for constructing srgs is by the Cayley graph construction. 
For example, the Paley graph V{q) is one class of well known Cayley graphs, that is, the graph 
with the finite field ¥q as vertex set, where two vertices arc adjacent when their difference is a 
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nonzero quadratic. It has the parameters {v, k, A, /i) = (4i + 1, 2t, t—l,t). In general, let G be an 
additively written group of order v, and let D be a subset of G such that ^ D and —D = D, 
where —D = {—d \ d e D}. The Cayley graph on G with connection set D, denoted Cay(G,D), 
is the graph with the elements of G as vertices; two vertices are adjacent if and only if their 
difference belongs to D. In the case when Cay(G,-D) is strongly regular, the connection set D is 
called a (regular) partial difference set. The survey of Ma |20| contains much of what is known 
about partial difference sets and about connections with strongly regular Cayley graphs. 

A difference set D in an (additively written) finite group G is called skew Hadamard if G is the 
disjoint union of D, —D, and {0}. The primary example (and for many years, the only known 
example in abelian groups) of skew Hadamard difference sets is the classical Paley difference set in 
(Fq, +) consisting of the nonzero squares of F^, where F^ is the finite field of order g, a prime power 
congruent to 3 modulo 4. Skew Hadamard difference sets are currently under intensive study; see 
the introduction of |10] for a short survey of known constructions of skew Hadamard difference 
sets and related problems. As we see in the next section, in order to check that a candidate subset 
D of Vq is a partial difference set or a skew Hadamard difference set in (Fg, +), it is sufficient to 
compute certain character sums of F^ in common. 

A classical method for constructing both connection sets of strongly regular graphs (i.e., partial 
difference sets) and difference sets in the additive groups of finite fields is to use cyclotomic 
classes of finite fields. Let p be a prime, / a positive integer, and let q = p^ . Let fc > 1 be an 
integer such that k\{q — 1), and 7 be a primitive element of ¥g. Then the cosets c\^''^^ = 7* (7*'), 
< i < k — 1^ are called the cyclotomic classes of order k of Fg. Many authors have studied the 
problem of determining when a union D of some cyclotomic classes forms a (partial) difference 
set. Especially, when D consists of only a subgroup of F^, many authors have studied extensively 
[IlElElElIiniinillSlliainillSlEaiMlES]. (some of these authors used the language of cyclic 
codes in their investigations instead of strongly regular Cayley graphs or partial difference sets. 
We choose to use the language of srg.) We call a strongly regular Cayley graph Cay(Fg,£)) 
cyclotomic if D is such. The Paley graphs are primary examples of cyclotomic srgs. Also, if D is 
the multiplicative group of a subfield of F,, then it is clear that Cay(Fg,D) is strongly regular. 
These cyclotomic srgs are usually called subfield examples. Next, if there exists a positive integer t 
such that = — 1 (mod fc), then Cay(Fg, D) is strongly regular. This case had already generalized 
so that D \s a union of some cyclotomic cosets based on the computation of "pure Gauss sums" , 
see [51 119| . These examples are usually called semi-primitive. Schmidt and White presented the 
following conjecture on cyclotomic srgs. 

Conjecture 1.2. (Y^^f) Let F^/ be the finite field, fc| ^^J^/ fc > I, and Co := c'^'^ ■* with 
—Co = Co. // Cay(Fp/ , Co) is strongly regular, then one of the following holds: 

(1) (subfield case) Co ~ F*^ where d \ f, 

(2) (semi-primitive case) —1 £ (p) < (Z/fcZ)*, 

(3) (exceptional case) Cay(Fpi , Co) has one of the parameters given in Table{l\ 

Recently, the authors of [TOl EJ [13] succeeded to generalize the examples of Table [T] except for 
srgs of No. 1, 5, and 8 into infinite families using "index 2 and 4 Gauss sums". 

Theorem 1.3. (i) (f^) Let q ^ pPT'^iPi-^)^ ^ k = pf, and D = \JSo'~^ Then, 
Cay(Fq,D) is strongly regular for any m in the following cases: 

ip,pi) = (2, 7), (3, 107), (5, 19), (5, 499), (17, 67), (41, 163). 

(ii) (H^) Let q = pPr"'(pi-i)/4^ k = p™, and D = Cf . Then, C&y{¥q, D) is strongly 

regular for any m in the following cases: 

(p,Pi) = (3,13),(7,37). 
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Table 1: Eleven sporadic examples 
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m) Let q = pPr-^(pi-i)pr^(p.-i)/2^ fc ^ p^p", «„d D = [j-Lo "'uS "'cgf^pr.. 

Then, Cay(Fg,_D) is strongly regular for any n and m in the following cases: 
(p,Pi,P2) = (2, 3, 5), (3, 5, 7), (3, 17, 19). 

The srgs in the cases when {p,pi) = (2,7) of (i), {p,pi) ~ (3,13) of (ii), and {p,Pi,P2) = (2,3,5) 
of (iii) of Theorem 11.31 are generalizations of subfield examples. The others are generalizations of 
sporadic examples of Table [TJ Note that it is impossible to generalize the example of No. 1 of 
Tablc[T]by a similar manner since (3) < (Z/11™Z)* is not of index 2 for m > 1. 

In [TUJ[TT], the following two constructions of skew Hadamard difference sets and Paley type partial 
difference sets were given. (A partial difference set £) in a group G is said to be of Paley type if 
the parameters of the corresponding strongly regular Cayley graph are {v, ^^)-) 

Theorem 1.4. (i) fUOf ) Let pi = 7 (mod 8) be a prime, k = 2p™, and let p be a prime such 
that f := ordfc (p) = 4>{k)/2, where (j) is the Euler totient function. Let s be an odd integer, H 

denotes any subset ofTL^ such that {i (mod p™) | i G H} = "Lp^ , and let D = lj,e_ff C^'^'^ \ 
Then, D is a skew Hadamard difference set if p = i (mod 4) and D is a Paley type partial 
difference set if p = 1 (mod 4). 

(ii) ffTJf) Let q = pP?'' ipi-i)/2 ^ ^ 2pf, and H ^ Q U 2Q U {0}, where Q is the subgroup 
of index 2 of (Z/2piZ)*. Set D = UjEo Uieif ^'a'^'l ^ 

is a skew Hadamard 

difference set in the case when {p,pi) = (3, 107) and D is a Paley type partial difference set 
in the cases when 

ip,Pi) - (5, 19), (17, 67), (41, 163), (5, 499). 

The proofs of the above theorems arc based on index 2 and 4 Gauss sums. In order to show that 
the srgs of No. 5 and 8 in Table [T] lead to infinite families, we need to explicitly evaluate index 
6 Gauss sums if we apply a similar technique of UHl HB US]. However, it seems to be difficult 
to compute index more than 4 Gauss sums, and this implies that it is hard to find new strongly 
regular graphs or skew Hadamard difference sets on ¥q from index more than 4 cases. In this paper, 
we will show that explicit evaluations of Gauss sums are not needed if some initial examples of 
strongly regular Cayley graphs or skew Hadamard difference sets satisfying certain conditions are 
found. Instead, we will investigate the rationality of "relative Gauss sums" . As consequences, we 
generalize the srgs of No. 5 and 8 in Table [T] into infinite families and find further infinite families 
of cyclotomic srgs with new parameters as generalizations of subfield examples (see Tables [2] and 
[3] in Section l3.2p . Furthermore, we obtain two infinite families of skew Hadamard difference sets 
in (F„+), where q = 33 i3'""' and 7^-29""\ 
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2 Rationality of relative Gauss sums 



2.1 Preliminary 

Let p be a prime, / a positive integer, and q = . The canonical additive character tp of Fg is 
defined by 

f 27Ti ^ 

) ciJ^J^'-A ^^q/p ^^^^ tici'^c iiuiii ii' q Lu Jip. i-Ui a liiuibipiiucitivc uiim cn-tci ui u g, 

we define the Gauss sum 



where (^p = exp(-=^) and Tr^/p is the trace from to Fp. For a multiplicative character x of 

Gfix) = E xixM^), 

which belongs to of integers in the cyclotomic field Q(Cfep), where m is the order of x- Let 

(Ta,b be the automorphism of Q{Ckp) determined by 

<^a,b{Ck) = Cfc: 0-a,biCp) = Cp 

for gcd (a, k) ~ gcd = 1. Below are several basic properties of Gauss sums |18j : 



(i) Gf{x)Gf{x) = q if X is nontrivial; 

(ii) Gf{x^) ~ Gf{x), where p is the characteristic of F^; 



(iii) Gj{x-')=x{-l)Gfixy, 

(iv) Gfix) = -1 if X is trivial; 

(v) aaAGf{x))^X~''ib)Gf{x''); 

In general, the explicit evaluation of Gauss sums is a very difficult problem. There are only a few 
cases where the Gauss sums have been evaluated. The most well known case is quadratic case, in 
other words, the order of x is two. 

Lemma 2.1. fflSf ) Let j] be the quadratic character of¥q = ¥pf . Then, it holds that 

The next simple case is the so-called semi- primitive case (also referred to as uniform cyclotomy or 
pure Gauss sum), where there exists an integer j such that p^ = —1 (mod k), where k is the order 
of the multiplicative character x involved. 

Theorem 2.2. (J^) Suppose that k> 2 and p is semi-primitive modulo k, i.e., there exists an s 
s.t. p^ = —1 (mod k). Choose s minimal and write f ~ 2st. Let x be ci multiplicative character of 
order k. Then, 

V Gfix) - I (_^y_i+(p=+i)t/fe ^ 2. 

This theorem was used to find strongly regular graphs and difference sets on Fg, e.g., see [2j|6]. 

The next interesting case is the index 2 case where the subgroup (p) generated by p € ifLjk'L)* has 
index 2 in [T./k'L)* and —1 ^ {p). In this case, it is known that k can have at most two odd prime 
divisors. Many authors have investigated this case, see e.g., pQ [THl HH [131 [301 131] ■ In particular, 
complete solution to the problem of evaluating Gauss sums in this case was recently given in 
[30] . Also, the index 4 case was treated in [8l [29]. Recently, these index 2 and 4 Gauss sums 
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were applied to show the existence of infinite famihes of new strongly regular graphs and skew 
Hadamard difference sets on Fg in [SI [TUl [TTJ [T^ . However, it is quite difficult to explicitly evaluate 
Gauss sums of general index. This implies that it is difficult to find new strongly regular graphs 
on ¥g from index more than 4 cases if we apply a similar technique of pi llOi [111113) . However, we 
will show in Section [3] of this paper that explicit evaluations of Gauss sums are not needed if some 
initial examples of strongly regular graphs or skew Hadamard difference sets satisfying certain 
conditions are found. Instead, we will use rationality of relative Gauss sums. For two nontrivial 
multiplicative characters x of ^pf a-nd x' of 1^^/' with / | /', the relative Gauss sum associated with 
X and x! is defined as 

P^Gfix) 

In particular, we investigate when "dpix'^x) = 1 or — 1 holds in the case where both of Gf'{x') 
and Gf{x) of index e case. Note that the concept of relative Gauss sums was introduced in 
[28] as the fractional G/'(x')/G/(x), where x is the restriction of x' to F^/. Hence, our definition 
generalize his definition and normalize so that the absolute value is equal to 1 when x a-nd %' are 
nontrivial. 

Below, we give important formulae on Gauss sums. The following is known as the Davenport-Hasse 
lifting formula. 

Theorem 2.3. ("13 llSf ) Let x be a nontrivial character on ¥q = F^/ and let x! be the lifted 
character of x to ¥qi = F^/s , i.e., x'(q^) x(Normj- ,/r^{a)) for a G ¥qi. Then, it holds that 

Gfsix')^i-ir-\Gfix)r. 

The following is called the Davenport-Hasse product formula. 

Theorem 2.4. (JEl) Let rj be a character on ¥q = ¥pr of order £ > I. For every nontrivial 
character x on¥q. 

We close this subsection providing the following lemma }28) . 

Lemma 2.5. ( i28f ) Let x' be a character of order k' of¥pf' and x be the restriction ofx' to F^/, 
where / | /' . If x *s nontrivial on ¥pj , it holds that 

p^Mx',x)= J2 ^'(^)' 

where L is a set of representatives for F*^, /F*j . 



2.2 Relative Gauss sums 



In this section, fix an integer fc > 1, and let p be a prime such that gcd {p,k) = 1. Let / be the 
order of p in (Z/fcZ)* and set q ^ pf . Write Ck = e^'^'/'^ and Cp = e'^'"-/P. Define 

K = Q(Cfe), M = K{Cp) = QiCkXp), 

and let Ok and Om denote their respective rings of integers. For j e (Z/fcZ)*, define aj G 
Gal(M/Q((^p)) by CjiCk) = Cl- Let P be a prime ideal of Ok lying over p. Then, for some prime 
ideal p of Om such that POm = P^^^ and p n Oa- = P. Write Pj = (Tj{P) and p^ = crj(p), and 
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then PjOm = ^- Let T be a set of representatives of ("Z / kZ)* / (p) . Then, pOx — YijeT 
follows, where Pj are all distinct, and hence pOm = YljeT^^^^ holds. 

Define the character xp of order k on the finite field Ok/ P by letting xp(q! + P) denote the unique 
power of Cfe such that 

Xp{a + P) = a'""^'/*^ (mod P), 

when a G Ok \ P- When a G P, set Xp{oi + P) = 0. We call xp Teichmiiller character 
associated to P. Now we identify xp with a character of ¥q. 

Define 

dik,p) = 

te(z/fez)* 

called the Stickelberger element, where {x) is the fractional part of the rational x. Every integer a 
can be written uniquely in the form X]"=o '^iP^ ^ where < < p. We denote by Sp(a) the sum of 
all ai . The following are given in [3J [TS] . 

Lemma 2.6. For any integer a, < a < q — 1, we have 

Theorem 2.7. Let k be a positive integer. Let p be a prime such that gcd (p, k) = 1 and f be the 
order of p in (Z/fcZ)*. For a prime ideal p of Om lying over P, it holds 

Gf{x~p^)OM = p^teTSp(*(9-l)/'=)'^7' = p(P-l)EteTEfjo <*PVfc>'^r' <=Om- 

This theorem is known as the Stickelberger relation. By the relation G f{x'^)G f{x~"') = ±P'^, we 
also have 

Gf{xp)OM = p(P~l'(-''^feT'^*-I^terI^f=o («p7'=>'^r')^ 

In the rest of this paper, we will assume the following. Let h ~ 2*pip2 ■ ■ • be a positive integer 
with distinct odd primes pi and p be a prime satisfying the following: For any divisor d = 
I'^Pi^ ■■■Pi^ of h, if (p) is of index u modulo d, then so does (p) modulo d' = 2'^p^^ ■■■Pi^ 
for any Xi > 1. Let e denotes the index of (p) modulo h. Let pi be an odd prime factor of 
k = 2*p^^p2^ • • ■p'^' and set fc' = kpi. Then, by the assumption, {p) is again of index e in both of 
(Z/fcZ)* and (Z/fc'Z)*. Set q = pf and q' = pf\ where / = (?!)(fc)/e and /' = (/)(fc')/e. 

Let Ok, Ok', Om, Om', Ol, Ol' denote the respective rings of integers of (Q(Cfc), Q{Ck'), Q{(k,Cp), 
QiCk'Xp), Q(Cp/-i): QiCpf'-i)- Let P C be a prime ideal lying over p and p C Om be a 
prime ideal lying over P. Also, let p' C Om' be a prime ideal lying over p and let P' = p' n Ok', 
so that p' n Om = P and P' C\Ok = P- Let T be a set of representatives for {I, / k' Z)* / (p) . Then, 
there is a one to one correspondence between {<jj{P)[=: Pj) \j g T} and {cr^(P)(=: Pj) | j G T'} 
such that Pj = Pj n O^, where a'^ G Gal(Q(Cfc'p)/Q(Cp)) satisfying a; (Cfe') = Cfc- By multiplying 
Ok' to both side of pOk = TljeT^i' together with pOk' = DjeT' ^i' '^^ have PjOk' = Pj- 
Furthermore, by multiplying Om' to both side of PjOk' — Pj, we have PjOm' = PjOm' ~ P'j~^' 
where p' j C Om' is a prime ideal lying over Pj. On the other hand, since PjOM' = P^ ^^Om', we 
obtain P^Om' =P' y 

Let *p C Ol and *P' C Ol' be prime ideals lying over P and P', respectively. It is known that 
Ol/*P = {q: + <P|q! G Ok/P] and that 
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for a € Ok, so that 

See Exercise 11-1 of [3]. Now, we can take the set {0} U {Cp/_i | < i < p-^ — 1} as representatives 
for Ol/''^ and then 

x'p(c;/-i+*p) = c;/_i. 

By the definition of Teichmiiher characters, for a e (Cp/-i Ok and f3 € (Cp/'-i ^ Ok' 

it holds 

= X^>{C,J^^ +^')=XW + P'), (2.1) 

where a + P and (3 + P' are primitive root of the finite fields Ok/P and 0/<-' /P'. 
First, we show the following lemma. 

Lemma 2.8. Let xp' o.nd xp be the Teichmiiller characters associated to P' and P , respectively. 
Then, 

{MXP',XP) ^w(pi^i) _ — — - 
P ^= Gfixp) 

is a 2k' th or k' th root of unity according as k' is odd or not. 

Proof: First of all, we see '&p{xP' tXp) ^ Q(Cfe')- Note that xp is the restriction of xp' to F^/ 
since 

X^ iCpf-i + = xj^ iCpf-i + q3) 

by {pf' - l)/k' = {pf - l)lk{nYodpf - 1). (Thus, in this case, our definition of relative Gauss 
sums is just the normalization of Yamamoto's relative Gauss sums.) By Lemma l2.51 '&p{xp' i Xp) G 
^k') follows. 



Put / = and /' = tLtlEL^ and set h = 2* ni=iPi' where pi,p2, . ■ . ,pe be ah distinct prime 
factors of k and t is the highest power of 2 dividing k. It is clear that 

where [a\k means the reduction of a modulo k. In other words, it is equal to 

E Nfc = E E hy+[tz]n 

x£{p)<{z/ki:r v=a ze(p)<(i 



= fc(^-l)0(/,)/2e + ^ N/. 

z6(p)<(Z/M)* 

where note that t's modulo h again forms a set of representatives of (Z//iZ)*/ (p). Thus, we have 

i=o ^ ' ze(p)<(z/?iZ)* 
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Similarly, we obtain 

i=o ^ ' ze(p><(z//iZ)' 
Hence, by the Stickelbergcr relation, we obtain 

Gf'{xP')OM' = p''-P~^'^^^f'~ '^"•'a";'^"'' ) EtET' '^t-EteT'(i5:_-e(p)<(j:/M)*[Nfe)'^t"')^ 

Furthermore, by noting that pOm' — p', we have 

Gf{XP)OM' = p'(P'^)«-^~ '^"''2"/"'' ) EtgT' '^t-Etgr'(i E.g(p)<(z/hz)» [*^]h)'^r')^ 

Since pOm' =P'^^~''^'^"'"', it follows that p^^^^fe^G/(xp)OM' = G/'(xp')Oa/', i.e., ^?p(xp', Xp) 
is a unit of Om'- But, iSpixP' iXp) G Q(Cfc')j ^-^id hence it is a unit of Ok'- Furthermore, all the 
conjugates of i?p(xp', Xp) in Ok' have absolute value 1. Therefore, 'i?p(xP';Xp) is a root of unity 
in Ok', which completes the proof. □ 

Lemma 2.9. Let d ~ 2gcd(A:',p— 1) or gcd(A:',p— 1) according as k' is odd or even. Then, it 
holds that 

Mxp',xpy = i- 

Proof: Define a G Gal(Q(Cp, Ck')/'Q{Cp)) by ^(Cpfe') CpJ^^'j where £ is the inverse of k' modulo 
p. Let tjj' and tp be the respective canonical additive characters of F^/ and F^. Then, 



Gf'iXP')\ _ /EaeF,, V''(")XP'(a)^ 



G/(XP) ; V ^P^rJWxpW J 

E.sF,, i^'{{k'e + p)a)Xpf^^ia) 

EaeF,, V''(a)Xp'(a) 

Epeljm'pW) 

Gf'ix'p,) _ G/'(XP') 
G/(x?>) G/(xp) ■ 

Hence, cr(79p(xp', Xp)) = '^p(xp';Xp). On the other hand, in the case when k' is odd, since 
^p(XP': Xp)^ = CI' foi' some s by Lemma [2?8l it follows that cr(i?p(xp' , Xp)^) = ''^p(xp' ) Xp)^**^ ^'^'''^ = 
^p(XP',Xp)'^ so i?p(xp',Xp)'^^"'^ = 1- Together with ^p(xP',Xp)"^' = 1, we obtain ^^(xp', Xp)'^^'' ^'^'^^"'^ = 
1. In the case when k' is even, since i?p(xP'iXp) = CI' foi' some s by Lemma 12.81 it follows 
that aiMxP',Xp)) = MxP'^Xpf'^" = Mxp'.XpY, so i9p(xp', Xp)^"' = L Together with 
MXP',XP?' = 1, we obtain Mxp' ^XpY"'"^''' '"'"-^ =1. □ 
The following is our main theorem of this section. 

Theorem 2.10. // k' is odd and gcd (k' ,p — 1) = 1, it holds that '&p{xp', Xp) = 1- 

Proof: Bv Lemma l2.91 we have yp'. yp I = —1 or 1. We consider the reduction of p 2= G f{xpPp{xP' iXp) 

4,{k){pi-l) 

modulo A := 1 — Cp'+ij where t is the highest power of pi dividing fc. It is clear that p = 
1 (mod A). Let h := k' /p^ . Since xp and xp' can be written as Xp Xp ^ and Xp'Xp'^ for 
some X and y such that xh + yp*^^^ = 1 (mod fc'). Then, we have Gf>{xp') = Gf'{x^p^ ) (mod A) 

and ( 

that 



and Gf{xp) = Gf{x'^p^ ) (mod A), where both of XpJ^ and Xp"^ arc of order h. Now, note 
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By the Davenport-Hasse hfting formula, we have 



= (Gfixfhr ^ x7'nPi)G/(Xp (mod A). 

_ t 

Therefore, by noting that Xp^^^iPi) ~ 1, we obtain 

Gfixf''')iMxP',Xp) - 1) ^ O(mod A). 

t + 1 

If 'dp{xp',Xp) = -1, then A | 2Gf{x^p^ ). Here, by Lemma 1^31 note that 

Gf{xf")= E xr"(^)eQ(a), 

f +1 

where i is a set of representatives for F*j./F*. By taking norms of A and 2Gj{Xp^ ) in Q(Ca;')i 
we obtain the contradiction that pi divides 2p. □ 

Next, we treat the case when 2 || fc' and gcd (fc'/2,p — 1) = 1. 

Corollary 2.11. Assume that 2\\k' ,k and gcd{k'/2,p- 1) = gcd(fc/2,p- 1) = 1. Then, 

(p-i)(Pi-i).p(h) 

Mxp',xp) = {-^) 

where h is the product of all distinct odd prime factors of k' . 

Proof: Let U = Q(CD, U' = Q(C^,), P^Pr\Ov, and P' = P'nOt/^. Then, ^^{xp,.Xp) = 1 by 



Theorem!^ Noting that 



and 



Gf{xl) = Gi{^^-^) = Gi{xp) 



J' ^ 



we have 



■&p{XP',Xp) 



Gf,{xi')^Gf,{x^,''' ) = Gf,{xp,), 
Gf'ixP') 

4>(k')-4,{k) 

P 2e Gf{Xp) 

xU2)Gf,{xl,)Gf,{xP'i)Gf{r^) 
p'''^xU2)Gfixl)GfixPv)Gr{v') 
x'pmGr{Xp,)Gfix^;;'''/'^^')Gf{v) 

where rj' and rj are the respective quadratic characters of Fg' and ¥q. Since the restrictions of x'p 
and Xp' to F* are trivial, we have Xp(2) = Xp'(2) = 1- Furthermore, since ^?p(xp/,Xp) = I7 we 
have G/v(xp,)/G/(Xi3) = p(<>(fe')-0(fc))/2e. p^ow, note that (1 + fc/2)/2 = h{s - {pi - l)A:/4/i) + 
[9P"']h e (Z/|Z)* if (1 + fc72)/2 ^ hs+ [gp"']h e {Z/!^Z)* for some g in a set of representa- 
tives of (1, / hZy* / (p) and < s < k'/2h— 1. Hence, by Theorem 12.101 and our assumption, we 
have Gf,ixp^'''^^^^^)/Gf{xp'^''^^''^^) = pWk')-^(k))/2e_ pinally, by the Davenport-Hasse lifting 
formula and Lemma |2.1[ we have 

= {-ir-\Gf{i^)r-' = (-1) — h — p^4^, 

which shows the assertion. □ 
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Remark 2.12. Let e denote (—1) or 1 according as 2\\k and gcd (fc /2,p — 1) = 1 or 

2 and gcd — 1) = 1. By Theorem \2.4\ and Corollarv \2.11[ for any a s.t. gcd (a, fc') = 1 
is c/ear i/iai 

since cr{'dp{xP' ,Xp)) = '&p{Xp',Xp) and cr(e) = e for a e Gal(Q(Cfc'p)/Q(Cp)) satisfying cr(Cfc') = 

/-a 

Corollary 2.13. Assume that k' is odd and gcd {k' , p — 1) = 1. Then, it holds that -dplxpijX^p) = 
1 for any t such that /ft, where s is the highest power of pi dividing k. 

Proof: Put t = a ■ gcd{t,k) with gcd (a, fc) = 1. Let r' and r be the order of p mod- 
ulo k' / gcd{t,k'){=: u') and modulo k/ gcd {t,k){=: u). Then, by our assumption, r' = rpi 
and u' = upi follow. Write J = Q(C«),J' = Q(C«'),^ - Q(Cp--i), i?' = Q(Cp.'_i) and 
R = Pn 0.j,R' = P' n O,/', $H = q3 n Oh, IH' = *P' n Ow- Then, we have 

and hence Xqj^ is the lift of Xt^^ " to F^/ . Similarly, Xqj/'' is the lift of Xy^i " to F^f . Now, 
by the Davenport-Hasse lifting formula, we have 

_ G/KX^O G,.(x^^) 



(-l)/'/-'-HG.>(x;7^)K'/''' 

(-i)/A-ip^ni^(G.(x;,"^))//^ 



ct>(k')-4,(k) 
P 2e 



G.(x?j) 



Applying Theorem 12. 101 the above is equal to 

1 / r'-r- \/A 



^(fc')-^(fc) 
P 2e 



(p' -^piXR'^XR) 



which completes the proof. □ 



3 Constructions of strongly regular graphs and skew Hadamard 
difference sets 

3.1 General construction 

We first recall the following well-known lemma in the theory of difference sets (see e.g., [20l [26] ). 

Lemma 3.1. Let (G, +) be an abelian group of odd order v, D a subset of G of size Assume 
that _D n — D = and ^ D. Then, D is a skew Hadamard difference set in G if and only if 



X{D) = 




for all nontrivial characters x of G. On the other hand, assume that ^ D and —D = D. Then 
D is a Paley type partial difference set in G if and only if 

for all nontrivial characters x of G. 
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Let q be a prime power and let C'j^'"''^ — < i < ~ 1, be the cyclotomic classes of 

order k of F^, where 7 is a fixed primitive element of Fq. From now on, we will assume that D 
is a union of cyclotomic classes of order k of Fg. In order to check whether a candidate subset, 
D = Uie/ '''' ' ^ connection set of a strongly regular Cayley graph (i.e., a regular partial 
difference set), we will compute the sums ip^aD) := X]i:eD^('^^) ^ '^here -0 is the 

canonical additive character of F,, since the restricted eigenvalues of Cayley graph Cay(Fq, £>), as 
explained in O p. 134], are ipil^'D), where a = 0, 1, . . . , g — 2. Similarly, to check whether D is a 
skew Hadamard difference set in (F^, +), we will compute the sums ip{aD) for all a G ¥* because 
of Lemma 13.11 Thus, by Theorem 11.11 and Lemma 13. 1[ in both cases we need to show that the 
set {il;{'~f°'D) I a — 0, 1, . . . , g — 2} has precisely two elements. Note that the sum il;{aD) can be 
expressed as a linear combination of Gauss sums using the orthogonality of characters: 



k 

= :^ E E E ^(y) E xia^x'^)'^ 

= 77^EEG(x-^M«7^)Ex(^'=) 

= ^ E G(x'^)Ex(«f), 

where F* is the group of multiplicative characters of F* and C^^ is the subgroup of F* consisting 

(k n) 

of all X which are trivial on Cq . 

In this section, similar to Section^ we will assume the following. Let h = 2*pip2 • • • be a positive 
integer with distinct odd primes pi and let p be a prime satisfying the following: For any divisor 
d = 2''pi^ ■ ■ -pi^ of h, if (p) is of index u modulo d, then so does (p) modulo d' = 2^p^l ■ ■ ■ p^^ for 
any Xi > 1. Let e denotes the index of (p) modulo h. We write k = Y[i=i and k' = kpi. 

Theorem 3.2. Let q~p^ and q' = p^ , where f = (j>{k)/e and f ~ cj){k')/e, and let 

J = {x\x divides k and x is not divisible by p^^ } C N. 

Let Ji and J2 be a partition of J into two parts and let L be a subset of {0, 1, . . . , — 1} satisfying 
the following conditions: 

(^) J:^eICk ^Ofor allj&.h. 

(ii) 0p(Xp/,X'p) = £ for all j e J2, where e = 1 or —1 not depending on j. 
(iii) Lf£>2ort> 1, 



„ / + ■»(fc')^.»(fc) , -p'ltJs 



for alll<v < k/pl'' - 1. 

Let 



D = \J '''^ and ^' = U U ^IT^''^ 



pi-i 

n 
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Assume that the size of the set {ip{'y°'D) | a = 0, 1, . . . , q — 2} is exactly two, where ^ is a primitive 
root ofVq and is the canonical additive character of¥q. Then, the size of the set {ij:' {ijj°'D') \ a ~ 
0, 1, . . . , g' — 2} is exactly two, where lo is a primitive root of ¥qi and ip' is the canonical additive 
character of ¥qi . 

Proof: In this proof, without loss of generality, we assume that the primitive roots 7 and uj 
have the forms 7 = a + P e Or/P and u = P + P' e Or'/P' for a and /3 of (l2ll . Then, 
Xp'KO =Xp(7) follows. 

To prove the theorem, it is sufficient to evaluate the sum 

fepi-i Pl-1 

ti=o iei j=o 

where a = 0,l,...,fc' — 1 and ip' is the canonical additive character of ¥q'. 
For u = 0, we have 

Pl-1 

Gf'ix%)Yl E X°P'K+^''^+^'''/^") = ~Pi\I\. 
lei j=o 



For u = Pi^v with v ^ (mod pi), we have 

Pl-1 

G/'(Xpf"'')E E X?^^K+'^^+^■'/^^') = 0. (3.1) 
iei 3=0 



If £ > 2 or t > 1, for u = p'l^^^v with t; 7^ 0, we have 

i£l j=0 i£l 

for any j. Note that for each a e {0, 1, . . . , fc' — 1}, there is a unique j G {0, 1, . . . ,pi — 1} such 
that pi\a + jk/pl^ ; we write a + jk/pl^ = pija- Then, the above is equal to 

PiG/Kx7""")E^S'"''K^''"''^')- (3-2) 

Furthermore, since Xp' (w^^'--'"^*-') = Xp(7"'''^0i by the assumption (iii), eq. p.2p is rewritten as 

ep,p^^^G,(x7"")Exf^(7-^'). (3.3) 



For the remaining cases, we can assume that p^^ ^u, and write u = kvi +V2 for some < ^'i < Pi ^ 1 
and < W2 < A: - 1. Then, since G f> (xp'^^'"^ ) = Gf.{xp"^'^"^) for < vi,v[ < pi - I, we have 

E E G/'(xp''"^-''^)E E xp';^+''Mw"+*^^+-'''/^") 

k-1 

= p^j2Gf,{x-pnT.xp'i^''^'-^'^) 

V2 — 1 i^I 

k-1 

= Pi G/.(Xpr)E^P'(^'''-'°^'^)- 

"2 = l;gcd («2,fc)e J2 



12 



By our assumption that G/'(xp"') = 6^ ""°''^^^"°' G'/(xp''^) and by Xp' (^^1^^"+*)) = Xpil^"^'), 
the above is equal to 

i;2=i;gcd (t)2,fe)e ^2 i&i 

Finally, together with eq. p.ip and p.3p . we obtain 



f2=i iei 

Now, by the assumption that the size of the set 

{^(7''I?)|a = 0,l,...,fc-l} 

is exactly two, we obtain the assertion. In particular, the two values in {ip'{Lu°'D') | a = 0, 1, . . . , q'— 
2} are given as 

— (epip 5s {ks + \I\)~pi\I\) = ep s + ^^ (3.4) 

where s = tp{'y°'D) for some a. □ 



3.2 Strongly regular graphs 

In this subsection, we write k = Y\i=i pT ' where pi are distinct odd primes and assume that p is 
a prime such that ord^d?) = (j){k)/e. Furthermore, assume that (p) is again of index e modulo 
k'{:= kpi) and gcd(fc',p— 1) = 1. 

Theorem 3.3. Let h = pi- ■ -pmPm+i ■ ■ 'Pe with all distinct odd primes pi and [(Z/hZ,)* : (p)] = e. 
Furthermore, Let k = p^^ '''PvTPtn+i ' ' ' pT ' ""^here > 1 for 1 < i < m and = 1 for 
m + 1 < i < £, and assume that (p) is again of index e modulo k. Let qi = p'^ and q = p^ , where 
d ~ (j){h)/e and f = 4i{k)/e. Put hj = Y[i=;ijPi 1 ^ J ^ ™- Assume that there exists an integer 
Sj s.t. p^^ = — 1 (mod hj) for 1 < j < m. Let 

ei-l - . 1 - 

Pi 



^ U "' U ^ifn!+ - +imn™' 

where Uj = Yii^jPT- V ^^y^qn^'o^''^^^) ^'^ ^^9; then so does Cay(Fg,D). 
Proof: We will show by induction. Write 

^ ^ U " ' U ^iin!+ - +i™™™ 

and assume the size of the set {-0(7°^^) | a = 0, 1, . . . , g — 2} is exactly two. We put 

U "' U ^ ^-*m"-m} 

in Theorem 13.21 Let J be the set of positive divisors of k not divisible by p\^ , 
Ji = {x\3i, 1 < i < m, s.t. p[ || x, where I < r < Ci — 1} C 
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and J2 = J \ Ji. Then, by the definition of /, it is clear that X^ie/ Cl- ~ j ^ J^- 

Furthermore, since the assumption = — 1 (mod hi) implies that p is semi-primitive modulo ni, 
by Theorems 12. 2[ for u = p{^~^^v we have 

Moreover, by Corollary 12.131 we have for any a E J2 



Thus, the assumptions (i), (ii), and (iii) of Theorem 13.21 are satisfied. Now, by applying Theo- 
rem 13.21 the size of the set {■!/''(7°£'') | a = 0, 1, . . . , — 2} is exactly two, where 



^' = u u •■■ u 



H Hmrimj+jni 



II II ••• II r'''^^'«' 



^-.(/cpi.ij') 

i=0 42=0 im=0 

with n'i = Uipi. □ 



Example 3.4. (i) If £ = 1 in Theorem \3.3l we do not need the condition that there exists an 
integer Sj s.t. p'^^ = — 1 (mod hj). Hence, assuming that 

[{l/pi-LY : (p)] = [(Z/p^Z)* : {p)] = e, 
«/ Cay(Fp^,(pi)/e , Cq^^'^ forms an srg, then so does Cay(F ^(p^i)/e, -D), where 



D= U 



1=0 

It is easy to see by induction that ord^^i (p) = (j){p\^)/e for general e and for all pairs 
(k = pi,p) of No. 1, 2, 4j 5, 6, 7, 9, and 11 in Tahle\^ Thus, all these srgs can be 
generalized into infinite families. Note that there are a lot of examples in subfield case 

satisfying [{l/piL)* : (p)] = e and pi = ^ pt-i~^ f'^'^ some t\(f>[pi) / e. For example, we 
list ten examples satisfying these conditions in Table [H These examples can be similarly 
generalized into nontrivial infinite families. 

(ii) If i = 2, in Theorem \ 3.3l we need the condition that there exists an integer Si s.t. p*' = 
— l(modp,;) for either of i ~ 1,2. Hence, assuming that p is semi-primitive modulo both of 
Pi and P2, and 

[(Z/P1P2Z)* : {p)] = [(Z/p^P^Z)* : {p)] = e, 
Cay(Fp,^(piP2)/e , Cg^^^^'^ •*) forms an srg, then so does Cay(F ^(^=1^=2)^^, where 

W ■ilP2 +»2Pi 



i=0 j=0 



It is easy to see by induction that ordp=ip=2(p) = 't'ipTpT)/^ Z'^'' ^'^2/ 61,62 and for pairs 
{k = piP2,p) of No. 3 and 10 in Table\^ Thus, these srgs can be generalized into infinite 
families. On the other hand, if p is semi-primitive modulo either one of pi or p2, say p2, 
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Table 2: Subfield examples oi £ = 1 led to infinite families 



Pi 


P 


/ 


e [(Z/fcZ)* : (p)] 


7 


2 


2 


2 


13 


3 


3 


4 


31 


2 


5 


6 


31 


5 


3 


10 


73 


2 


9 


8 


127 


2 


7 


18 


307 


17 


3 


102 


757 


3 


9 


84 


1093 


3 


7 


156 


1723 


41 


3 


574 



then Cay(F ^(p=ip^)/^, Z?) forms an srg under the assumption that [(Z/p'{^p2^)* : {p)] = e, 
where 

i=0 

It is easy to see by induction that ordp=ip, (p) = 4>{pi^p2)/e for any Ci andp is semi-primitive 
modulo p2 for the triple {pi,p2,p) = (19,7,5) of No. 8 in Tahle\^ Thus, this srg can 
be generalized into infinite families. Moreover, we can find some examples in subfield case 

'Pip 1 P2 ) / ^ ]^ 

satisfying [(Z/pip2Z)* : (p)] = e andpip2 = - — pt_i ~ for some t \ (f){pip2)/e. For example, 
we list four examples satisfying these conditions in Table [21 In the sixth column "sp " of the 



Table 3: Subfield examples oi £ = 2 led to infinite families 



Pi 


P2 


P 


/ 


e := [(Z/fcZ)* : (p)] 


sp 


3 


5 


2 


4 


2 


b 


5 


17 


2 


8 


8 


b 


31 


11 


2 


10 


30 





127 


43 


2 


14 


378 


o 



table, "b" indicates that p is semi-primitive modulo both of pi and p2, and "o" indicates 
that p is semi-primitive modulo p2 only. These examples can be generalized into nontrivial 
infinite families. 



3.3 Skew Hadamard difference sets 

In this subsection, we write k — 2p1^ , where pi is an odd prime and assume that p is a prime such 
that ordfc(p) = (j){k)/e. Furthermore, assume that p is again of index e modulo k'{:= kpi) and 
gcd(fc'/2,p-l) = l. 

Theorem 3.5. Let h = 2pi with an odd prime pi and let p be a prime such that (p) is of index 
e modulo h. Furthermore, let k = 2p^^ and assume that (p) is again of index e modulo k. Put 
qi = p'^ and q = p^ , where d = (p{K) / e and f — (j){k)/e. Define H as any subset o/{0, 1, . . . , /i — 1} 
such that X^ie/f Cp^ =0. Let 

i&H ii=0 i^H 
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If D is a skew Hadamard difference set or a Paley type regular partial difference set on ¥q-^ , then 
so does D' on ¥q. 

Proof: We will show by induction. Write 

= U U ^2h+ik/h 

and assume that the size of the set {^{'j°-D) | a = 0, 1, . . . , q — 2} is exactly two, which are 

where r = 1 or — 1 according as I? is a Paley type regular partial difference set or a skew Hadamard 

difference set. Now, we put 

^ = U U {2*1 + ^k/h} 

ii=0 i£H 

in Theorem 13.21 Let 

J2 = {1} c J = . . . ,^^1} u 2{i,pi, . . . ,pr'} 

and Ji = J \ J2. Then, by the definition of /, it is clear that X^ie/ C"* ~ ^ f*-"^ ^ "^i- 
Lemma |2. 11 we have 

Gf'iXp! ) = (-1) P ^= G'/(xp' ). 

Furthermore, by Corollary 12. Ill we have 

(p^i)(Pi-i)j.(h) ,»(fc')-^(fc) 
G/'(XP') = (-1) ^= P ^' Gfixp)- 

Thus, the assumptions (i), (ii), and (iii) of Theorem 13.21 are satisfied. Now, by applying Theo- 
rem 13.21 the size of the set {ip'{'y°'D') | a = 0, 1, . . . , g' — 2} is exactly two, where 



pi-i 1 

j=0 n=0 ieH 



^' = U U U 



Pi 

I I I I r^'''*^ 



ii=0 iGH 

In particular, by eq. p.4p . the two values in {ip'{'^'^D') | a = 0, 1, . . . , g' — 2} are 



ep 



■»(fc)(pi-i) / — 1 ± \/tp' \ k I ep 2e — l\ — 1± eyjTpJ 



2 



which completes the proof. □ 

Example 3.6. In fllf . several examples satisfying the condition of Theorem \3.5\ were found from 
index 2 case, which were generalized into infinite families using Gauss sums of index 2. We can 
find by computer further two examples having the following parameters from index 4 case: 

(pi,p,/,e) = (13,3,3,4) and (29,7,7,4). 

In particular, the latter example was found by Tao Feng jl^ . We choose H in Theorem \ 3.5\ as 
H = QU2QU{pi} for the former parameter and choose H ~ QU2QU{0} for the latter parameter, 
where Q is the subgroup of index 2 of (Z/2piZ)*. It is easy to check that these H satisfies the 
condition of Theorem \3.5\ and (p) is of index 4, in (Z/2p^'^Z)* for general ei. Hence, these examples 
can be generalized into infinite families. 
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4 Final remarks 



Wc close this paper by referring the reader to the interesting paper |27| by Wu. Immediately after 
writing up this manuscript, the author became aware that Wu |27] obtained a nice result on the 
existence problem of cyclotomic srgs. 

In our paper, cyclotomic constructions of strongly regular Cayley graphs and skew Hadamard 
difference sets on ¥q were given. For example, we proved the following result (which follows from 
the more general theorem 13. 3^ : For an odd prime pi, assume that (i) gcd {p{p — l),Pi) = 1 (ii) (p) 

is of index e modulo pi (iii) Cay(Fp(pi-i)/c , Cg^ "^^^) is strongly regular. Then, if (p) is of 

index e modulo p™, T ~ Cay(F p™-i(pj_i)/e, Ui=o W ' ) is also strongly regular. 

Since there are a lot of subfield or sporadic examples satisfying the assumption of this result, we 
consequently obtain many new infinite families of strongly regular Cayley graphs. This result 
can be viewed as a "recursive" construction of srgs not saying anything about the existence of 
"starting" srgs. 

On the other hand, Wu [27j gave necessary and sufficient conditions for F to be an srg by gener- 
alizing the method used in the paper of Ge, Xiang, and Yuan [13]. Although it seems that the 
assumptions of our main result are simpler and the situation is definitely much more general than 
that of [23 , the approach in [23 is obviously different from ours and his results are not completely 
included in ours. In fact, Wu |27| obtained two conditions (one is an equation and the other is 
a congruence) which are necessary and sufficient for the construction to give rise to an srg, and 
his approach has the advantage of revealing an interesting connection between strongly regular 

/ (pi-l)/e ■, 

Cayley graphs Cay(Fp(pi-i)/e , Cq '^^') and cyclic difference sets in (Z/piZ, +), which will 

be very effective to get some new cyclic difference sets and also a strong necessary condition for 
the existence of cyclotomic srgs. 
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